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Gel materials have recently gained more attention due to its unique capability of large and 
reversible volumetric changes. Various applications of gel materials have been developed, such 
as actuators in industry, artificial tissues in bioengineering, drug delivery in medicine, thin-film 
carrier in electronic devices and mimicking natural patterns in bionics. This study simulated the 
inhomogeneous behavior of hydrogel material via the inhomogeneous field gel theory (Hong et 
al., 2009).  
The thin film gel deformation and buckling are modeled and simulated using gel deformation 
theory. Several factors which affect the deformation behavior of thin film gels are discussed. 
The stability of thin annular plates clamped along the inner edge and free along the outer 
periphery is investigated by using numerical simulations of the swelling of thin gel annular plate 
and a similar class of structures by solid mechanics concept via energy principle is analyzed. 
Comparing the numerical results and analytical solutions, it can be found that the trends of 
results from both approaches compare favorably. The buckling patterns of annular plates with 
various values of inner radius to outer radius ratio illustrate the relationship between the 
geometry of the annular plate and the inhomogeneous deformation of gels or buckling patterns of 
solid mechanics materials. The undulating patterns on leaves such as those of flowering cabbage 
can thus be explained via the buckling behavior of annular plates, which can be regarded as thin 
soft materials adhered to a stiffer core. The study can be extended to cover other stimuli under 




This study also explores the possibility of mimicking the pattern formation of certain natural 
fruits and leaves during their growing and drying processes through the swelling and de-swelling 
of gel materials. This work may hopefully provide certain technical explanations on the 
morphology of fruits and plants from mechanical point of view. In this study, to describe the 
morphology of natural fruits and plants, the inhomogeneous field gel theory is adopted to 
simulate the deformation configurations of gel structures which have similar configuration with 
fruits and plants. As examples, the growing processes of apple and capsicum are simulated by 
imposing appropriate boundary conditions and field loading via varying the chemical potential 
from their immature to mature stages. Furthermore the drying processes of three types of leaves 
with different vein structures are also investigated by using the deformation of gel materials. The 
simulation results have demonstrated that pattern formation of fruits and plants may be described 
from mechanical perspective by the deformation behavior of gel materials based on the 
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Chapter 1 Introduction 
1.1 Background    
Flexible, long polymeric molecules can chemically crosslink to a three-dimensional network. 
The resulting rubber-like material, an elastomer, which is capable of large and reversible 
deformation, is then immersed in an aqueous solution. The elastomer imbibes solvent molecules 
and swells, resulting in a kind of gel materials known as hydrogel. The amount of swelling is 
affected by several factors, such as mechanical forces, pH values, salt, temperature, humidity, 
light, electric field, etc., and the procedure of swelling is normally reversible (Li and Tanaka, 
1992; Osada and Gong, 1998). As the environment stimuli change, the solvent molecules in the 
gel may migrate in or out to keep equilibrium condition.  The gel has both solid and liquid 
characteristics: strong chemical cross links between the long polymers makes the deformation 
elastic, and the weak physical association between the long polymers and the solvent molecules 
makes the migration viscous.  
Owing to its unusual combination of properties, gels are being developed for diverse applications 
such as actuators, which convert non-mechanical stimulations to large displacements that may be 
used to induce appreciable amount of force to control various mechanisms. For example, a gel 
can swell or shrink in response to a change in the pH values, blocking or releasing the flow in a 
microfluidic valve, which involves the gel as an actuator (Beebe et al., 2000). As another 
example, an array of rigid bars embedded in a gel can rotate when the humidity in the 
environment drops below a critical value (Sidorenko et al., 2007).  
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Another application of gels is its implementation in medical devices, including tissue 
engineering and drug delivery as proposed by Peppas et al., 2006. Tissue engineering aims to 
replace, repair or regenerate tissue or organ function and to create artificial tissues and organs for 
transplantation. As their high water content, biocompatibility and mechanical properties which 
are similar to the natural tissues, cell-laden hydrogels are particularly attractive for tissue 
engineering applications, such as scaffolds and immunoisolation barriers and so on. Meanwhile, 
environmentally responsive hydrogels are used as a method to control drug delivery applications 
due to the swelling properties. For example, temperature response hydrogels have been widely 
used to create a drug delivery system that controls the release in response to temperature changes. 
Some other areas of drug delivery have also been proven beneficial to utilize hydrogels. 
Gels can also be used in oil exploration and production as mentioned by Keleverlaan, et al., 2005. 
In their construction experiences, swelling gels have been used as production separation packers, 
as a method to establish linear isolation in well completion, and as an integral part of an 
expandable open hole clad. Over 60 deployments of swelling elastomer have been applied 
successfully in the oil industry.  
Mixtures of macromolecular networks and solvents also constitute most tissues of plants and 
animals in nature. The polymer networks hold the general shape while the solvents transport 
nutrients and wastes. The shapes of natural growth result in complex models, which may be 
described by the properties and deformation of gel networks. One example is phyllotaxis 
(literally meaning the arrangement of leaves or other leaflike parts), noted by Newell et al., 2007.  
By discussing the natural shapes of phyllotaxis, they formulated the interactions and potential 
competition or cooperation of the two mechanisms, stress-strain due to growth and non-uniform 
distribution of auxin respectively. Modeling the biochemical model in the continuum limit and 
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coupling the mechanical field with the biochemical process, they found that the two proposed 
mechanisms for phyllotactic pattern formulation, auxin transport and mechanical buckling, have 
very similar governing equations. Hence, the buckling of natural shape can be simulated 
reasonably by the interaction between the polymer network and the solvent. Another example is 
given by Yin et al., 2009, which discussed the relationship between the buckling shapes of 
natural tissues and the properties of materials systematically and theoretically. 
Although gels become widely used in more and more fields, some challenges in the applications 
of gels need to be considered. Firstly, the majority of earlier research efforts of gel are 
experimentally based, whereas the analytical theory of gel lags behind. Secondly, more complex 
shapes are required and the accurate dimensional measurements of their volume transition 
behavior are awkward to be established experimentally. Finally, a lack of the understanding of 
the relationship between gel composition and response kinetics demands further improvement on 
gel theories. A prediction of gel performance should be made and it is imperative to study the 
modeling and simulation of gels to understand their characteristics. 
 
1.2  Literature review  
1.2.1 Properties of gel materials 
Noted by Hong et al. (2008) a gel can undergo large deformation in two modes. The first mode 
allows the gel to change its shape but not the volume, resulting from the fast process of short-
range rearrangement of molecules. The second mode permits the gel to change both shape and 
volume. This results from the slow process of long-range migration of the solvent molecules. 
When a gel is subject to a sudden change in the environment, for example, a change in the 
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mechanical load, an alternation in the pH value and a variation in the chemical potential of the 
solvent, the gel adapts to the new environment by co-evolving the shape of the network and the 
distribution of the solvent molecules. Two limiting states can be identified. During the earlier 
short-time period, the solvent molecules inside the gel do not yet have time to redistribute, but 
the mechanical equilibrium has already been established.  In the long-time limit, the gel has 
reached the equilibrium with both the mechanical load and the external solvent, so that the 
chemical potential of the solvent molecules is homogeneous throughout the gel, and is prescribed 
by the external solvent. The time taken to the equilibrium state depends on the scale of the gel, as 
the solvent molecules have to migrate in the gel. 
A series of research work, such as Hong et al. 2008, 2009, Liu et al. 2010, has been done on the 
long-time limit state of the gel deformation, namely, the state of equilibrium achieved when a 
network has been in contact with a solvent for a long time. The homogenous and isotropic 
network immerses in a solvent and eventually deforms into an equilibrium state in a homogenous 
and isotropic field in the absence of mechanical load or geometric constraint, which is called free 
swelling. However, in practice, such free swelling seldom happens. In most situations, the 
polymer network is subject to mechanical loads or geometric constraint (Treloar, 1950; Kim et 
al., 2006; Zhao et al., 2008), or the network itself is, to certain extent, modulated (Hu et al., 1995; 
Klein et al., 2007; Ladet et al., 2008), thus inhomogeneous or anisotropic state of equilibrium 
occurs.  
Swelling can induce cavitation, debonding, creasing and other forms of instability. In a 
responsive behavior test of nano-scale hydrogel structures, Sidorenko et al. (2007) integrated 
high-aspect-ratio silicon nanocolumns with a hydrogel layer to form a dynamic actuation system. 
The nanocolumns were either free-standing or substrate-attached, in motion by the deformation 
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of hydrogel on the humidity level. The result shows that a fast reversible reorientation of the 
nanocolumns is observed to move, from tilted to perpendicular to the surface. Hong et al. (2008) 
theoretically explained this phenomenon with a generalized model. They considered a hydrogel 
bonded to the stiffer rods of silicon and to the substrate of glass swelled in an isotropic pattern. 
The system would go through a vertical state, namely the rods stand vertical, and eventually go 
into a tilted state because the high tension stress in the hydrogel caused by the refinement of the 
vertical rods in the vertical state made the rods unstable. In the tilted state, the gel would release 
water and the thickness of the gel layer decrease as a result of the tilt of rods. The creasing of 
surface of the gel layer is caused by the release of a compressive stress due to unidirectional 
swelling of a surface attached gel. Some creasing instability experiments have been done by 
Trujillo et al. (2008) to characterize the effective degree of compression experienced by a 
surface-bond gel by the strain required to return a chemically identical, unconstrained gel to its 
initial lateral dimensions. 
 
1.2.2 Behavior of thin-film gels 
Soft materials are integrated into thin film devices to enhance performances, add functions, or 
reduce costs. When a hard film is deposited on a soft material, often the film is compressively 
strained and forms wrinkles. The wrinkle patterns vary and are three dimensionally formed with 
highly nonlinearity in numerical calculation (Figure1-1). Although the patterns are detected 
mostly via the experimental based data, Genzer and Groenewold (2005) has proposed that the 
wrinkle periodicity is a function of the bending stiffness of the skin and the stiffness of the 
effective elastic foundation numerically in a single dimensional buckling pattern, while the cases 
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they focused on is soft matter with hard skin, unlike the thin swelling gel layer subject to a hard 
substrate. 
 
Figure 1.1 A schematic of wrinkles in a hard film on a soft substrate (Huang et al., 2004) 
The gel materials also buckle in various shapes in experiments when the gel layer is sufficiently 
thin. The phenomenon of surface wrinkling of rubber like material was observed by Southern 
and Thomas (1965), who reported a critical swelling ratio of about 2.5 due to the effect of 
substrate constraint. Later, a wide range of critical swelling ratios were observed for different gel 
systems, varying from 2 to 3.72 (Tanaka et al., 1992, Trujillo et al., 2008). Tanaka et al. (1987) 
found that many gels formed surface patterns during swelling process, and suggested a critical 
osmotic pressure for the surface instability. A recent work by Hong et al. (2009) shows that the 
surface creasing is a different mode of surface instability in contrast with the prediction by a 
linear perturbation analysis for rubber under equi-biaxial compression (Biot, 1963), and they 
predicted a critical swelling ratio of 2.4 for surface creasing of gels based on an energetic 
consideration and numerical calculations.      
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It has been proposed that swelling of a gel may be simulated by prescribing a volumetric strain. 
This is not accurate enough when swelling is anisotropic or inhomogeneous. Hong et al. (2008) 
pointed out that the volumetric strain cannot be prescribed, but should be solved as a part of a 
boundary value problem. Indeed, the volumetric strain can be inhomogeneous, and in general 
depends on the state of stress. 
 
1.2.3 Simulation of natural forms using gel materials 
Fascinating patterns and shapes are often observed widely in nature. For example, fruits such as 
small pumpkins, Korean melon, squash and ridged gourds are observed by their ten longitudinal 
equidistant ridges while tomatoes and capsicums are usually having four (Yin et al. 2008). 
According to Yin et al (2008), such surface morphogenesis of fruits could be concluded as stress-
driven pattern. Ridged patterns are observed in the ova of butterfly, bollworm and tobacco 
budworm as well. Besides that, at tissue level, the undulating surface can be found in arteries 
(Kuhl et al. 2007). At cellular level, wrinkled surface was observed on a human neutrophil under 
electron micrograph (Hallett et al. 2008). Almost all the examples that have been briefly 
mentioned may be considered as core/shell systems in modeling. The study of phyllotaxis, on the 
other hand, dates back to a couple of centuries ago (Newell et al., 2008). Different plants have 
displayed their distinctive venation patterns. For instance, a combination of mid-vein and lateral 
vein system is usually formed in dicot leaves while parallel pattern along the longitudinal axis is 
found in monocot leaves (Fujita and Mochizuki 2006). Such venation patterns may play an 
important role in the deformation of leaves during their swelling and drying processes. 
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Although the origin of the pattern formation of natural fruits and plants are still unclear, Amelia 
el at (2010) suggested that genes may control the shape of tissues by modifying local ratios and 
orientation of deformation. Besides genetic explanation, the experimental evidences indicate that 
chemistry and biophysics are parts of the driving forces as well (Givnish 1987). For instance, the 
transport of growth hormones auxin, light and nutrition availability etc., have been reported to be 
involved in altering the phyllotaxis of plants during their growing or drying process (Green et al., 
1996; Onoda et al., 2008).In addition, recent researches show that mechanics also plays certain 
role in the growing and drying processes of fruits and plants. Swiss botanist, Schwenderner, was 
probably the first person who studied the biophysics effect on the growth of plants in late 1800s 
(Liu et al. 2013). However, he failed to realize the connection between the material property and 
pattern formation. In the 1980s and 1990s, Green, Steele and their fellow researchers had 
published a series of work, and suggested that the mechanical stress and stability of the surface 
may play an important role in pattern formation of natural plants. Forces that induced by the 
environmental changes influence the shapes and undulating surfaces of natural fruits and leaves. 
The minimization of potential energy of plant surface during the growing processes is observed 
on most of plants. Through observations and simulations, Green (1992) proposed that the 
patterns formed in shoots might be resulted from the minimal energy buckling behaviour existing 
at the stems. In the paper, he illustrated the mechanism with an example of an annular flat disk 
made of potato chip, which was shaped into a saddle due to the principle of minimum strain 
energy when the centre of the disk shrank slightly. In later articles, Green et al.(1996) and Steele 
(2000) further explored the original formation of patterns and managed to explain the pattern 
formation with the buckling theories of beams, plates and shells. With the buckling mechanism, 
they successfully initiated the whorls on the plants during the growing process. Besides the 
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models of the transport of grown hormones auxin and the mechanical buckling behaviour of 
plant tunica, Newell et al. (2008) studied the interaction of the two models and came up with a 
combined model which was essentially a  combination of biochemistry and mechanics. They also 
developed a mathematical description to explain the formation of phyllotaxis. 
Despite the explanation from mechanics point of view, Shipman and his co-workers (Shipman 
2010; Shipman and Newell 2004; Shipman et al. 2011) demonstrated the pattern formation of 
plants using mathematical models since 2003. It was suggested that the arrangement of leaves on 
plants and their deformation configurations could be considered as the energy-minimization 
buckling pattern of a compressed elastic shell. They believed that the phyllotaxis of the plants 
which belongs to the families of alternately oriented spirals often obeys Fibonacci rules 
(Shipman et al. 2011). Von Kármán-Fӧppl-Donell equations were adopted to describe the 
minimization of potential energy process on the plant surfaces and a mathematical solution of the 
pattern formation was developed (Shipman and Newell 2004). Another group of researchers 
approached the explanation of the axial growth in plants using mathematical model. Vandiver 
and Goriely(2008) presented the effect of tissue tension which generated by the differential 
growth in cylindrical structures on the mechanical properties of the plants. Neo-Hookean 
material model and Fung material model were used in their analyses and they concluded that 
tissue tension might be the driving force for morphogenesis. However, some important factors 
such as specific biological structures and inhomogeneity were neglected in their study. Therefore, 
a more precise picture of material properties might not be able to obtain.  
In 2011, a modeling study of morphological formation in melon was done by Chang et al (2011) 
to characterize the pattern formation of melon with its cultivar, diameter and stripes and hence, 
predict the morphological growth of melon fruits. Recently, Yin et al. (2008; 2009) demonstrated 
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that various fruits formation patterns might be manipulated by anisotropic stress-driven buckles 
on spheroidal system and examined the possibility of reproducing the surface undulations of 
fruits through their structures and geometric constrains. However, the sizes of mature stage of the 
fruits was used in the modeling, therefore, the effect of growing of the fruits was neglected. In 
addition, although a quantitative mechanics framework was established by Yin el at (2008; 2009), 
the material used in the modeling was engineering material which is linearly elastic disregarding 
the change in volume. This might not be realistic enough because the deformation patterns of 
fruits during the growing and drying process often involve relatively large volumetric changes. 
This notion is supported by the recent study on the growing patterns of fruits and leaves by Liu et 
al (2013). The nonlinear inhomogeneous gel theory was adopted to investigate the behavior of 
hydrogel including its large volumetric change. A thin film gel was attached on an elastic 
foundation with relatively high stiffness and the gel structure was then subjected to swelling. The 
buckling and wrinkle patterns were observed at critical stress state. Subsequently, the resulting 
deformation patterns were used to describe the pattern formations of various fruits configurations.  
However, the type of the leaves and fruits used in the modeling were limited and it may not be 
persuasive enough that gel material can be used to explain the pattern formation of plants and 
fruits in natural. 
 
1.2.4 Gel theories 
One theory of gel deformation is Tanaka-Hocked-Benedek theory, or THB theory, proposed by 
Tanaka et al. in 1973. The theory emphasizes the mechanisms of gel components, namely a fiber 
network which gives elasticity to gel and a liquid which occupies the rest of the space in the gel. 
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Considering the interaction between the two constituents, the mode where the network moves 
against the solvent is only concerned, which gives an assumption that the viscous properties of 
gels are due to the friction between the two components. In further derivation, shear modulus is 
used in the stress-strain relationship to represent the phenomenon that gels deform easily under 
shear stress and merely incompressible under pressure. Eventually, a linear equilibrium equation 
is formulated in terms of the stress, strain, solid displacement, temperature and body force due to 
friction.  
There are several limitations of the THB theory during the early days of development. The 
equilibrium equation is set up based on an assumption that the deformation is small and the 
displacement vector varies linearly, while gel deformation is normally very large and highly 
nonlinear. For the reason that no deformation gradient is used, the theory cannot provide a clear 
picture of the instant state of the gel deformation. Furthermore, the basic assumptions and 
principles of this theory are questionable to certain extent, as they only focus on the physical 
mechanics and do not consider the chemical mixture between the network and the solvent. They 
are unclear, and hard to extend further. 
Another category of theories is proposed as multiphasic theory. In 1980, Bowen has established a 
biphasic theory by using the thermodynamics of mixtures to formulate incompressible porous 
media models, and applied the theory to some modeling. Two phases, namely solid phase and 
fluid phase , have been considered in the work. Lai et al. (1991) introduced an ion phase 
representing cation and anion of a single salt into the fluid-solid phases, to describe the 
deformation and stress fields for cartilage under chemical and mechanical loads, and it is 
developed as triphasic theory. A mixture theory investigated by Shi et al. (1981) provides 
detailed solutions of problems involving the diffusion of a fluid through a non-linear elastic solid 
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using a constitutive equation based on realistic material properties. As described, the multiphasic 
theory regards the gel as two or three phases, and hence is not able to provide the clear physical 
picture of the processes. Besides, some quantities in the theory are difficult to measure in 
practice. 
The theory of inhomogeneous deformation in swelling solids, most popularly adopted nowadays 
is based on the thermodynamic theory of nonlinear fields associated with mobile molecules in an 
elastic solid, which was formulated by Gibbs (1878) and Biot (1941). This theory was then 
introduced to apply to the gel materials by Flory and Rehner (1943) who developed a free-energy 
function for a polymeric gel, including the effects of the entropy of stretching the network, the 
entropy of mixing the network polymers and the solvent molecules, and the enthalpy of mixing. 
The governing equation has an analogy to solid mechanics, which is well known as monophasic 
theory. Further contributions to the monophasic theory have been done by Sekimoto (1991), 
Durning and Morman (1993), Baek and Srinivasa (2004), Dolbow et al. (2005), Bassetti et al. 
(2005), Hui and Muralidharan (2005), Li et al. (2007), Westbook and Qi (2008), and Hong et al. 
(2008). These publications deal mostly with large deformation and high shape and volume 
changes of swelling gels. Recent researches on the gel deformation focus on the influence of 
some chemical factors such as pH values. Marcombe et al. (2009) represent the free energy of a 
pH-sensitive gel as a functional of the field of deformation by using a Legendre transformation, 
resulting in the equilibrium of an inhomogeneous field in a pH-sensitive gel equivalent to the 
field in a hyperelastic solid.    
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1.3 Objective and Scope  
The aim of this study is to investigate the inhomogeneous behavior of gel materials in several 
conditions, including: 
1. The behavior of thin film gel subjected to a rigid substrate with various geometry, 
stiffness and material properties. 
2. Annular plates of gel materials with various geometries analyzed in a way of studying the 
natural formation such as flower cabbages. 
3. Thin film plate and shell models using gel materials mimicking the growth of fruits and 
drying of leaves. 
The thesis involves the simulations of gel materials under various inhomogeneous conditions and 
observing variations of remarkable results. Simulations on thin film gel will illustrate the effects 
of geometry and boundary conditions on the deformation patterns and hence may contribute to 
the experimental study as reference. The study will show that adopting gel materials in 
mimicking the formation of natural fruits and vegetables provides a better insight observation of 
the evolution of plants than these of engineering materials. 
 
1.4 Organization of thesis 
In Chapter 1, research work on application of gel material and gel theory has been reviewed. The 
theory of coupled diffusion and large deformation in hydrogels employing a FEM package is 
reported in Chapter 2. The FE formulation is based on the induced equivalency of gel materials 
with these of hyperelastic solids. Several important parameters of the gels in this theory are 
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discussed, and some homogeneous and inhomogeneous states of deformation are considered to 
form a general view of the behavior of hydrogel materials in Chapter 3. In Chapter 4, the case of 
a hydrogel layer subject to a rigid solid substrate is modeled via the FEM package. An 
assumption is made during the modeling of thin film gels, and certain geometry and material 
parameters is verified to describe the inhomogeneous behavior of a thin film gel, namely the 
material properties of the thin film gel, the thickness of the thin film, the stiffness and the 
thickness of the assumed soft layer. The use of gel materials to study the buckling patterns of 
various annular plates to illustrate the undulating patterns of the leaves of flower cabbage and 
other numerical models mimicking the growth of apples, capsicums and the drying process of 
various types of leaves are also simulated in the FEM analysis and the results are compared and 
discussed. This study is concluded in Chapter 5 with highlight of main findings and 
recommendations. The detailed derivation for Section 2.4.3 is provided in Appendix A.  
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Chapter 2 Theoretical consideration 
2.1 Chemical potential 
Chemical potential, μ, is a quantity describing the changes of energy per substance of a system. 
Based on various thermodynamic principles (Atkins et al., 2006), the potential can be 
represented by either the internal energy U, the Helmholtz energy W or the Gibbs energy WG 
such that 
 μ = ∂U(S, V, n)∂n = ∂W(T, V, n)∂n = ∂W(T, p, n)∂n  (2.1) 
where S, V, T, p and n are the entropy, the volume, the temperature, the pressure and the 
molecule number respectively.  
The chemical potential of a solvent via the Gibbs energy is expressed as 
 μ = u − Ts + pν (2.2) 
where u, s and ν are the energy, entropy and volume per molecule as respectively. Associated 
with the small changes in pressure and temperature, the variation of chemical potential can be 
expressed as 
 δμ = −sδT + νδp (2.3) 
Equation (2.3) implies that the chemical potential of the solvent μ is a function of the 
temperature T and pressure p, i.e.,   
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 μ = μ(T, p) (2.4) 
For constant temperature, assuming an ideal gas phase (p  p) and an incompressible liquid 
phase (p  p) for the solvent, the chemical potential of the external solvent μ is given by 
 μ(p, T) =  ν(p − p),                  if p  p;kTlog(p p) *,             if p  p,  (2.5) 
where p  is the equilibrium vapor pressure which is dependent on the temperature, ν  is the 
volume per solvent molecule, and k is the Boltzmann constant.  At the equilibrium vapor 
pressure (p = p), the external chemical potential, μ = 0. In a vacuum (p = 0), μ = −∞. 
For gel materials in equilibrium, the chemical potential inside the gel should be a constant and 
equal to the chemical potential of the external solvent. 
 
2.2 Monophasic theory of gel deformation 
For completeness, a theory of hydrogel proposed by Hong et al. (2009) is introduced and 
discussed in this section. 
 
2.2.1 Equilibrium condition in variation form 
Consider a system with a polymer network in contact with a solvent, subjected to a mechanical 
load and geometric constraint, and under a constant temperature (Hong et al., 2009). Let the 
stress-free dry network be the reference state, and each point is described by the reference 
coordinate system X. In the deformed state, the network would displace and assume a new 
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position described by the responding coordinate system x(X). The deformation gradient of the 
network can be defined as 
 - = ∂.(/)∂/  (2.6) 
In the deformed state, let Cs(X)dV(X) be the number of solvent molecules in the element of 
volume, where Cs (X) is the nominal concentration of solvent molecules, a field describes the 
distribution of the molecules in the gel. The combination of the deformation field x(X) and 
distribution field Cs (X) describes the state of the gel. 
Considering the external work done during the deformation from the reference state to the 
deformed state, the work done comprises two components, one through chemical potential and 
another via mechanics. For the former, when the field of concentration in the gel changes by δ Cs 
(X), the external solvent work done is μ 0 δC2dV. For the latter, assuming B(/)dV(/) to be the 
body force applied on the small volume, and T(/)dA(/) be the traction force applied on the 
element of area, when the network deforms by  δx(/), the mechanical work done can be 
obtained from 0 BδxdV + 0 TδxdA. Meanwhile, the Helmholtz free energy of the gel has been 
changed by δWdV(/). 
Thermodynamic equilibrium requires that the change in the free-energy of the gel, associated 
with arbitrary variations in displacement field and concentration field should equal to the work 
done by the mechanical loads and the environmental changes, as Hong et al. (2009) expressed in 
equation (2.7) 
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 7 δWdV = 7 8δxdV + 7 9δxdA + μ 7 δC2dV (2.7) 
   
2.2.2 Equilibrium condition in differential form 
Hong et al. (2009) assumed that the free-energy density of the gel W is a function of the 
deformation gradient F and the concentration Cs, W(F, Cs). Associated with a small change in 
the deformation gradient of the network, δF;, and a small variation in the concentration of the 
solvent molecules, δC2, the variation of the free-energy density is expressed as 
 δW = ∂W(-, C2)∂F; δF; + ∂W(-, C2)∂C2 δC2 (2.8) 
Combining the equilibrium equation (2.7) with the change of free-energy density and noting the 
divergence theorem0 ∇ ∙ ΦdV? = 0 Φ ∙ dSГ , where Φ is any arbitrary tensor, we have 
 7( ∂∂XB ∂W∂FB + B)δxdV + 7(T − ∂W∂FB NB)δxdA + 7(μ − ∂W∂C2)δC2dV = 0 (2.9) 
where NB is the unit normal vector in the outward normal direction of the surface. As δx and 
δC2 are arbitrary and independent to each other in the equilibrium shown above, each term in the 
parentheses vanishes. Hence, we get the following equilibrium conditions 
 
∂∂XB ∂W(-, C2)∂FB + B = 0 (2.10) 
in the volume of the gel,  




∂W(-, C2)∂FB NB = T (2.11) 
on the surface of the gel, and 
 μ = ∂W(-, C2)∂C2  (2.12) 
 Equation (2.12) implies that the chemical potential can also be explained as the variation of free-
energy of the gel due to the change of the concentration field (Hong et al., 2009). 
 
2.2.3 The nominal stress 
Regardless of the transport kinetics, deformation of the gel eventually reaches an equilibrium 
state when both chemical potential and the mechanical stress satisfy the equilibrium condition. 
As discussed earlier, the chemical equilibrium requires that the chemical potential inside the gel 
be a constant and equal to the chemical potential of the external solvent (μ = μ). Define nominal 
stress as the work conjugates to the deformation gradient, so that   
 sB = ∂W(-, C2)∂FB  (2.13) 
This nominal stress gives equations (2.10) and (2.11) a familiar interpretation as the mechanical 
equilibrium condition, expressed as 
 
∂sB∂XB + B = 0 (2.14) 
in the volume of the gel, and 
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 ∂sBNB = T (2.15) 
on the surface of the gel.  
As mentioned above, the constitutive behavior of the gel can be described by using a free-energy 
function W, which, in general, depends on both the elastic deformation of the polymer network 
and the concentration of solvent molecules inside the gel. As shown earlier, the chemical 
potential can be expressed as μ = DE(-,FG)DFG , the nominal stress is then a similar physical parameter 
which describes the energy change with respect to the deformation gradient. 
As the chemical potential inside the gel is constant at the equilibrium state of swelling regardless 
whether the concentration field is homogenous or not, it is convenient to express the free energy 
function in terms of the chemical potential. Now we introduce another free-energy function W  by 
using a Legendre transformation (Hong et al., 2009), namely 
 W (-, μ) = W(-, C2) − μC2 (2.16) 
Substituting this function into the differential form of the equilibrium function, we have 
 δW = sBδFB − C2δμ (2.17) 
Equation (2.17) can be regarded as the total differential form of W  while FB  and μ are 
independent variables. The nominal stress sB  and the concentration of the solvent C2  can be 
expressed as 
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 sB = ∂W (-, μ)∂FB  (2.18) 
and 
 C2 = ∂W (-, μ)∂μ  (2.19) 
From equation (2.16), we can get the equilibrium condition under the new free-energy function 
as 
 7 δW dV = 7 BδxdV + 7 TδxdA (2.20) 
The new equilibrium expression shown in equation (2.20) is of the same form as that for a 
hyperelastic solid.  This equation coincides with the expression in solid mechanics. Once the 
function W  is prescribed, the equation can be solved for boundary volume problems. A finite 
element method can be used, and the chemical potential, which plays an important role similar to 
that of the temperature, together with the nominal stress can be determined via FEM analysis.   
 
2.2.4 Flory-Rehner free-energy function 
In 1943, Flory and Rehner had obtained a famous free-energy function that comprises two parts: 
(i) the free energy of stretching W2(-) for elastic deformation of polymer network, and (ii) the 
free energy of mixing WH(C2) for mixing of solvent molecules with the polymer, expressed as 
 W(-, C) = W2(-) + WH(C2) (2.21) 




 W2(-) = 12 NkTKF;F; − 3 − 2log (det-)O (2.22) 
 WH(C2) = − kTν2 Pν2C2log Q1 + 1ν2C2R + χ1 + νC2 T (2.23) 
N is the effective number of polymer chains per unit volume of the gel at the reference state and 
χ is a dimensionless quantity characterizing the interaction energy between the solvent molecules 
and the polymer. From Flory-Rehner free-energy function, we can fully determine the material 
properties of the gel system by the three parameters: NkT, ;UVG  and  χ, the first of which is the 
initial shear modulus of the polymer network. 
 
2.2.5 Molecular incompressibility in gels  
In previous discussion, we have assumed that the two fields, the concentration field C2(/)  and 
the deformation field x(X), vary independently; however, there exists a relationship between the 
two fields. When the solvent migrates out of a gel, no pores will be left inside the gel, implying 
that the total volume of the gel is the sum of the volume of the dry polymer network and the 
solvent molecules. Furthermore, the volumetric change due to physical association of the 
molecules is smaller than the volumetric change caused by imbibing molecules.  From the above 
considerations, two assumptions are suggested: (i) Individual solvent molecule and polymer are 
incompressible, and (ii) gel has no voids. This idealization is written as (Hong et al. 2009) 
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 1 + ν2C2 = det- (2.24) 
This relationship gives a constraint between the two fields. To enforce this constraint, we include 
this equation into the Flory-Rehner free-energy function by adding a term Λ(1 + ν2C2 − det-), 
where Λ is a Lagrange multiplier, a parameter to be determined.  
 W(-, C) = W2(-) + WH(C2) + Λ(1 + ν2C2 − det-) (2.25) 
By doing so, the coupling between the two fields is successfully considered via the Lagrange 
multiplier (Hong et al., 2009) so that we can still treat F and C as independent fields, and hence  
 μ = ∂W(-, C2)∂C2 = WH(C2)∂C2 + Λν2 (2.26) 
 sB = ∂W(-, C2)∂FB = ∂W2(-)∂FB − ΛHBdet- (2.27) 
and 
 W (F, μ) = 12 NkTKY − 3 − 2 log JO − kTν2 P(J − 1)log Q JJ − 1R + χJ T − μν2 (J − 1) (2.28) 
where Y = F;F;, HB = FB[U and J = det- are the invariant, the inverse of the transformation of 
the deformation gradient and the determinant of the deformation gradient respectively. 
Combining the chemical potential equation (2.26) and the nominal stress equation (2.27) with the 
Flory-Rehner free-energy function (2.28), we have 
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 μ = kT Plog ν2C21 + ν2C2 + 11 + ν2C2 + χ(1 + ν2C2)\ T + Λν2 (2.29) 
and 
 sB = NkT(FB − HB) − ΛHBdet- (2.30) 
From the above two equations, the state equation for FEM implementation can be expressed as 
 
νsBkT = Nν2(FB − HB) + PJlog Q1 − 1J R + 1 + χJ − μkT JT HB (2.31) 
   
2.3 Numerical implementation for deformation in gels 
The constitutive equation for formulating FEM obtained from Hong et al. (2009) for the gel 
materials is given in equation (2.31). Assume that the principal nominal stresses are s] =
s]], s\ = s\\ and s_ = s__, the principal deformation gradient F = `λ] λ\ λ_b, from the state 





νs]kT = Nν2 Qλ] − 1λ]R + Pλ]λ\λ_ log Q1 − 1λ]λ\λ_R + 1 + χλ]λ\λ_ − μkT λ]λ\λ_T 1λ]νs\kT = Nν2 Qλ\ − 1λ\R + Pλ]λ\λ_ log Q1 − 1λ]λ\λ_R + 1 + χλ]λ\λ_ − μkT λ]λ\λ_T 1λ\νs_kT = Nν2 Qλ_ − 1λ_R + Pλ]λ\λ_ log Q1 − 1λ]λ\λ_R + 1 + χλ]λ\λ_ − μkT λ]λ\λ_T 1λ_
 
(2.32) 
Noted that the constitutive equation is singular when the determinant of the network deformation 
gradient J=1, indicating that the state of the whole system is only the gel network without any 
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solvent variation. From the condition of molecular incompressibility, we have ν2C2 = 0 in this 
case. This singularity comes from the entropy of mixing, and is normal and harmless in practice 
and experiment because of a large number of solvent molecules in gel materials. However, if we 
choose the dry network as the reference state in any numerical simulations, the singularity 
problem occurs as the logarithm term becomes infinity. To avoid this singularity phenomenon, a 
reference state with ν2C2  0 is chosen such that the network equilibrates with a solvent of 
chemical potential μ without any mechanical load. Related to the dry network state, the network 
in the new reference state swells with isotropic stretches: λ] = λ\ = λ_, which can be denoted by 
λ. This free-swelling stretch can be related to the chemical potential μ by setting the nominal 
stress at the new reference state to zero, which gives (Hong et al., 2009) 
 
μkT = Nν2 g 1λ − 1λ_h + log g1 − 1λ_h + 1λ_ + χλi (2.33) 
Since the new state is chosen as the free swelling state, the reference state can be characterized 
by the deformation gradient 
 - = `λ λ λb (2.34) 
By using this free-swelling state as a reference state, the singularity problem can be solved and 
the current state can be easily determined and expressed as F=F’F0, where F is the deformation 
gradient of the current state related to the dry network, that is the same as the gradient discussed 
in the previous section, and F’ is the deformation gradient of the current state related to the free-
swelling state. 
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Denote Yj = FjBFjB and Jj = det-j. Rewriting the free-energy function regarding to the free-
swelling state and the current state related to the free-swelling state, Hong et al. (2009) obtained 
that 
 
  W (-, μ) = 12 NkTKλ\I′ − 3 − 2log J′O − kTν2 m(λ_J′ − 1)log g J′J′ − λ[_h + χλ_J′ n
− μν2 (λ_J′ − 1) 
(2.35) 
The nominal stress in the current state with reference to the free-swelling state is related to the 
nominal stress with reference to the dry state by 
 sjB = sB/λ\ (2.36) 
Therefore, the numerical singularity problem has been conquered by introducing a new state to 
connecting both the dry state and the current state. The equation of state can be expressed, 
considering the new state, as 
 
νsjBkT = Nν2(λ\FjB − HjB) + λ_ mJ′log g1 − 1λ_Jjh + 1λ_ + χλiJj − μkT J′n pjB (2.37) 
Once the nominal stress is obtained from using FEM implementation of the state equation, the 
true stress, namely Cauchy stress, can be determined as 
 σ	 = F	Bdet- sB (2.38) 
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2.4 Non-linear elasticity of circular plates 
2.4.1 Large deformation of circular plates 
Consider a point P of coordinates (r, θ, z) in a polar coordinate system, with three orthogonal 
displacements (q, r, s)  of the middle surface in the radial, circumferential and z directions 
respectively. The coordinate z is perpendicular to the plate. From the Von Karman Theory 
(Reddy, J. N., 2007), the strains for finite deflection of circular plates can be expressed as 
 tuu = vqvw + 12 Qvsvw R\ − x v\svw\  (2.39) 
 tyy = qw + 1w vrvz + 12w\ Qvsvz R\ − x g1w vsvw + 1w\ v\svz\ h (2.40) 
 {uy = vrvw − rw + 1w vqvz + 1w vsvw vsvz − 2x g1w v\svwvz − 1w\ vsvz h (2.41) 
Introducing an in-plane stress function F such that the stress resultants can be expressed as 
 |u = v}wvz + v\}w\vz\ ,      |y = v\}vw\ ,      |uy = v}w\vz − v\}wvwvz (2.42) 
The Von Karman equations for a thin, linearly elastic, isotropic plate in polar coordinates can be 
expressed as 




~∇s =  + mv\svw\ g v}wvw + v\}w\vz\h + g1w vsvw + 1w\ v\svz\ h v\}vw\




1 ∇} = g1w v\svwvz − 1w\ vsvz h
\ − v\svw\ g1w vsvw + 1w\ v\svz\ h (2.44) 
For the special case of a radially symmetric deformation, in which q = q(w), r = 0, s =
s(w),the equations of motion reduce to 
 ~ mvsvw + 2w v_svw_ − 1w\ v\svw\ + 1w_ vsvw n = v\svw\ v}wvw + 1w vsvw v\}vw\  (2.45) 
And 
 
1 mv}vw + 2w v_}vw_ − 1w\ v\}vw\ + 1w_ v}vwn = − 1w vsvw v\svw\  (2.46) 
   
2.4.2 Total potential energy of annular plate  
The stability solutions of annular plates with various boundary conditions are given earlier by 
Yamaki (1958). Several researchers including Ramaiah and Vijayakumar (1975) as well as 
Thevendran and Wang (1996) adopted different trial functions to solve similar problems. Their 
results are in good agreement.  This study investigates the buckling patterns of annular plates 
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with various values of b/a ratio. Each thin annular plate is of uniform thickness h, with inner 
radius b, outer radius a, clamped along the inner edge, free along the outer periphery and is 
subjected to N, a radial uniform compressive force per unit circumferential length along its outer 
edge. 
Denote |u, |y and |uy (=0) as the radial, circumferential and shear stress resultants respectively. 
Tensile |u and |y are considered positive. The in-plane equilibrium equation and Lamè solution 
are, respectively,  
|uw − |y − |uw = 0 (2.47) 
|u = −| \\ − \ g1 − \w\h (2.48) 
|y = −| \\ − \ g1 + \w\h (2.49)  
Let the three orthogonal displacements at the middle surface of the plate in the radial, 
circumferential and transverse, z directions be u, v and w respectively, the in-plane strains at the 
mid-surface for finite deflection of circular plates may be expressed as 
tuu = vqvw + 12 Qvsvw R\ (2.50) 
tyy = qw + 1w vrvz + 12w\ Qvsvz R\ (2.51) 
The stain energy due to bending and stretching of the plate would be respectively: 
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− ~(1 − r) v\svw\ g1w vsvw + 1w\ v\svz\ h
+ ~(1 − r) g1w v\svwvz − 1w\ vsvz h
\ wwz 
(2.52) 
 = 7 7 |utuu + |ytyywwz
\

= 7 7 Q|u vqvw + |y qw + |yw vrvzR wwz
\





where ~ = ]\(][)  is the plate stiffness, E the Young’s modulus and v the Poisson ratio. The 
first term on the right hand side of equation (2.53) is in view of equations. (2.47) to (2.49),   
7 7 Q|u vqvw + |y qw + |yw vrvzR wwz
\
 = 7 q|uwz w = 
\
  (2.54) 
The potential energy which is the negative work done by the external forces applied along the 
outer edge is given by 
 = − 7 q|uwz w = \  (2.55) 
The total potential energy of the system Π is expressed as  
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Π =  +  + V
= 12 7 7 |u Qvsvw R\ + |yw\ Qvsvz R\
\

+ ~ gv\svw\ + 1w vsvw + 1w\ v\svz\ h
\
− 2(1 − r) v\svw\ g1w vsvw + 1w\ v\svz\ h




2.4.3 Buckling of annular plate with inner clamped and outer free 
2.4.3.1 Solution via 2-parameter polynomial shape function 
As the inner edge is clamped and outer edge is free, the boundary conditions are  
 w = :                                                    s = vsvw = 0         (2.57,58) 
 w = :                                                   u = u = 0         (2.59,60) 
where Mr and Qr denote the radial bending moment and transverse shear force per unit length, 
respectively. The trial functions must satisfy the essential (geometric) boundary conditions at the 
inner edge as stipulated in equations (2.57) and (2.58). Other natural (force) boundary conditions 
specified in equations (2.59) and (2.60) have already been included in the variational formulation 
(Reddy, J. N., 2006) and in this case, no contribution is realized from both Mr and Qr as both of 
them vanish at the outer boundary. However, it should be noted that the transverse shear force 
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and radial bending moment which should be zero at free edges could not be ensured by various 
approximate approaches including finite element method and the Ritz method, as there is no 
provision for any natural boundary conditions in these approximate methods based on the 
classical thin plate theory. If accurate distributions of modal forces and bending moments near 
the edge are required, a more exact shear deformation theory of higher order is required (Wang 
et al, 2001). The following series of admissible trial functions of w, satisfying the essential 
boundary conditions, equations (2.57) and (2.58), is adopted in the present study.   
s(w, z) = (w) ¡¢£z = ( − w)\(¤ + ¥w) ¡¢£z    ¡w £ = 0,1,2,3 … (2.61) 
where A and B are the unknown parameters. Introduce q as the buckling parameter of the annular 
plate associating with the critical radial buckling load as 
|§u = ¨ ~\ (2.62) 
The substitution of equation (2.61) into equation (2.56) and integrating over r and θ leads to a 
linear expression in q  for the total potential energy, Π, which is a function of the undetermined 
parameters A and B, the buckling wave number n and the b/a ratio. More details of derivation are 
listed in Appendix A. Figure 2.1 shows the solution of the buckling parameter varying with b/a 
ratio when 2-parameter polynomial trial function in displacement field is used. 




Figure 2.1 Variations of buckling load parameter with respect to b/a ratio using 2-parameter polynomial 
trial function in displacement field 
 
2.4.3.2 Solutions via 3-parameter polynomial shape function 
More accurate solutions are expected as more terms and undetermined coefficients are 
introduced in the displacement trial function. Considering the following 3-parameter polynomial 
trial function 
s(w, z) = (w) ¡¢£z = ( − w)\(¤ + ¥w + ©w\) ¡¢£z    ¡w £ = 0,1,2,3 … (2.63) 
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The substitution of equation (2.63) into equation (2.56) and integrating over r and θ leads to a 
linear expression in q  for the total potential energy, Π, which is a function of the undetermined 
parameters A, B, C, the buckling wave number n and the b/a ratio. 
By minimizing Π with respect to A, B and C respectively, we obtain 
                                                   ` ª]] ª]\ ª]_ª\\ ª\_«¬­. ª__b 
¤¥© = 0 (2.64) 
where ª¯°  is a linear function of ¨ . Equation (2.64) is the homogeneous equation and its 
nontrivial solutions are obtained from  
                                                           ±ª]] ª]\ ª]_ª\] ª\\ ª\_ª_] ª_\ ª__± = 0 (2.65) 
The appropriate eigenvalue, ¨ , which is a solution of equation (2.65) provides the critical 
buckling load and the corresponding mode. The lowest value of q for each n at various values of 
b/a ratio provides the most favorable buckling deformation pattern for that geometry.  
A parametric study on the effect of material properties on the critical buckling capacities of 
annular plates has been carried out. The study indicates that though the critical buckling load, Ncr, 
in equation (2.62) is directly affected by the variation of the values of Young modulus E, and 
Poisson’s ratio v, the resulting values of the buckling parameter q are independent from the 
values of E but they are just mildly sensitive to the variation of Poisson’s ratio v. The typical 
variations of buckling parameter, q, with b/a ratio inducing various circumferential wave 
numbers n for the case of Poisson’s ratio value of 0.5 are graphically displayed in Figure 2.2. 
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Though only a low polynomial order in r has been used, results in the range of study are 
acceptable as only one buckling wave in the radial direction is normally expected. Note that the 
high number of buckling waves in the circumferential direction is taken care of by the  ¡¢(£z) 
term. 
 
Figure 2.2 Variations of buckling parameter with respect to b/a ratio using 3-parameter polynomial trial 























 Chapter 3 Numerical simulation of gel material 
36 
 
Chapter 3 Numerical simulation of gel material 
This chapter describes the implementation of the theory of deformation of the gel into a finite 
element package, ABAQUS (2008), via a user-defined subroutine for a hyperelastic material 
(UHYPER). The material properties of the gel and several FEM settings would be considered in 
the simulations. Besides, several basic cases of the gel deformation both in homogenous and 
inhomogeneous states have been analyzed.  
 
3.1 Finite element modeling of gel material 
3.1.1 Finite element simulation 
ABAQUS is one of the most powerful and popular finite element software that is applicable to 
solve various linear and non-linear field problems. It is widely used in many research fields, 
including material, mechanical, acoustic, thermoelectric and other field problems. 
The user-defined material subroutine which is available in ABAQUS allows the users to simulate 
various types of materials for various kinds of elements with full or reduced integration in the 
analysis. As the nominal stress we desired is derived from the Flory-Rehner free-energy, it is 
important to ensure the energy equilibrium conditions are satisfied to produce acceptable 
accurate results. Element type CAX8, which is a three-dimensional brick element of eight nodes 
with full integration, is chosen for the simulations reported herein.  
Considering most simulations of mixing the gel and solvent belonging to large deformation 
problems, the aspect ratio should be close to one to prevent severe element distortion leading to 
negative volume during the analysis. As in some cases of the gel swelling, such as the buckling 
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of thin film of gels, the deformation in the thickness direction should be taken care of so that 
small changes could be captured. The meshing should be refined and the number of elements in 
the thickness direction should be sufficient. Preliminary convergence study has been carried out 
for various simulations presented in Chapter 4.  
In FEM simulation, the equilibrium equations of the system are solved at each step by a 
nonlinear solver based on a well-known Newton-Raphson method. As the gel material is highly 
nonlinear in material property and very sensitive to the size of each step, convergence of the 
solutions and the performance of the adopted method especially during the descending branch 
require a small step using the Newton-Raphson method. 
 
3.1.2  The properties of the gel material 
As discussed earlier, we have normalized the chemical potential by kT, and the normalized the 
nominal stress by kT/υ. Predicted by Hong et al. (2008), a representative value of the volume 
per molecule is υ = 10[\³m_, so that at room temperature, kT = 4 × 10[\]J and kT υ⁄ = 4 ×
10¸Pa. There are two dimensionless material parameters introduced by the Flory-Rehner free-
energy function: Nυ and χ  . The cross-linked polymers of gel network without any solvent 
molecules have a shear modulus NkT under the small-strain conditions, with the representative 
value NkT = 10~10¸ N/m\, which gives the range of Nυ = 10[~10[]. The parameter χ is a 
dimensionless measure of the enthalpy of mixing, namely the level of interaction energy between 
the solvent molecules and the polymer, with representative values χ = 0~1.2. For applications 
with larger swelling ratios of gels, materials with lower χ values are used. In the following 
numerical examples,  Nυ = 10[_ and χ = 0.1 are taken. 
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Another variable introduced by the constitutive equation is λ, namely the initial swelling ratio. 
The parameter introduces a new reference state to link the dry state and the current state to 
eliminate the singularity of the state equation. As λ = 1 in the dry state, λ  1 is required to 
avoid singularity condition. As defined, the lager the value of the initial swelling ratio, the more 
the mixture between the solvent and the polymer network. 
To determine the deformation and the nominal stress, the chemical potential has to be considered. 
Different from the above three parameters, the chemical potential is not a constant but variable 
which varies with the gel deformation. The chemical potential of the gel, which has already been 
normalized by kT, is simulated in ABAQUS by a temperature-like field variable as a loading 
parameter. The normalized initial chemical potential of swelling gel can be determined by the 
initial swelling ratio  λ as the relationship in equation (2.33), and the final chemical potential 
would be zero if the whole system consisting of the polymer network and the solvent finally goes 
in equilibrium.  
 
3.2 Homogeneous state of deformation 
To verify the FEM code proposed by Hong et al. (2009), a model is established that a cubic 
block of a gel is immersed in a solvent and simulated by twenty elements along each side using 
CAX8 element. Preliminary convergence studies have normally been carried out for various 
simulations presented in this thesis. The symmetric boundary conditions of the model on the 
three surfaces are imposed while the remaining three are allowed to swell freely. 




Figure 3.1 Free-swelling of gels
 
Figure 3.2 Relationship between the chemical potential and stretch of a gel in free-swelling (Hong et al. 
2009) 
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Figure 3.1 shows the stretch of the deformation of free-swelling of gels in three dimensions, and 
Figure 3.2 illustrates the free-swelling stretch λ in equation (2.33) as a function of the chemical 
potential of the solvent molecules, comparing to the numerical results of the stretch as a function 
of chemical potential on each calculation time step. The results agree well with the analytical 
result. From the trend, a larger deformation would be achieved when the chemical potential 
asymptotically approaches zero.  
 
3.3 Inhomogeneous state of equilibrium  
A phenomenon of swelling-induced bifurcation was reported by Zhang et al. (2008). Figure 3.3 
shows the results of experiments that a PDMS membrane with circular pores exposed to an 
organic solvent. As the osmotic pressure builds, the circular pores in the PDMS deform and 
eventually become sharp forms. Denote the diameter of the circular pore and the distance 
between the two pores as D and p respectively on a square lattice, the experiment takes D equal 
to 1μm and p equal to 2μm.  




Figure 3.3 PDMS membrane with a square lattice of holes before and after swelling by toluene. (a) the 
original PDMS membrane with hole, (b) the swollen PDMS membrane with diamond plate structures. (c-
d) Schematic illustrations of (a) and (b), respectively. (Zhang et al., 2008) 
The above phenomenon is simulated by using FEM package. Considering the symmetric 
conditions, we simulate this infinite plate into a part containing quarters of four neighboring 
pores as shown in Figure3.4, which p to D ratio equal to 2 at the same rate as that in the 
experiment. The layer of gel is constrained on a substrate, and the displacements of the four 
edges are confined in each direction according to the symmetry.  Elements CAX8 are used, as 
the aspect ratio of the hole is large. Arbitrary initial perturbations are introduced to the model to 
tickle any viable bifurcation solutions.   




Figure 3.4 Initial shape of a in-plane unit of a square lattice of cylindrical holes 
 
Figure 3.5 the bifurcation pattern of a unit model of a square lattice of holes 
The numerical simulation results show that the inhomogeneous deformation occurs at the edges 
of the holes, which change from the circular pores into ellipses. The center of the unit part has 
also rotated at certain degree from the initial state, as can be observed from the deformations of 
elements displayed in Figure 3.6. 
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Further deformation of swelling will cause snap-through instability and the elliptic hole will 
finally deform into the shape shown earlier in Figure 3.3 (b) and (d). However, as the 
deformation progresses during the analysis, the simulated stiffness matrix becomes more ill-
conditioned and more difficult to converge, especially at the unstable point. The arc-length 
method (Riks, 1972), which has been implemented on the plane of generalized mechanical load 
and displacement in ABAQUS, is unable to deal with this condition either as none of the similar 
implementation on the plane of chemical potential is available currently. Hence, the numerical 
simulation cannot proceed further until a pore turn into a slit.  
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Chapter 4 Numerical results and discussion 
4.1 Behavior of a thin film of gel subjecting to a substrate 
A series of experiments have shown that the gel material will buckle in a complex three 
dimensional shape when it is made into a thin film. In this section, a simplified single 
dimensional model of a gel layer subject to a hard substrate will be discussed by using the FEM 
package. Following the previous work done by Hong et al. (2009), several related parameters are 
detected in the simulations, including the thickness of the gel layer, the assumption of the 
interface and the internal layer between the gel layer and the substrate, and so on. Furthermore, 
we find that not only thin film gels, but also thick layers of gels also can wrinkle under certain 
conditions. 
4.1.1 Swelling of hydrogel layer with separation 
 
Figure 4.1 A model of a gel layer subject to a substrate 
Figure 4.1 shows the model of a thin film gel subject to a rigid solid substrate allowing 
separation between the two layers. The thickness of the layer of swelling gel is denoted as tg, and 
the length is L, with a tg to L ratio of 1/100. The gel layer is then put on the rigid substrate 
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preventing the gel to deform downward. The interface between the gel and the substrate has been 
initially fully attached but the separation of the two surfaces is allowed separation while 
penetration at the interface is forbid in the numerical simulation. The hydrogel in the model is 
fully swelled till the final equilibrium state, namely chemical potential μ will be equal to zero 
eventually, with the initial swelling ratio λ0 equal to 2.5. An arbitrary initial perturbation is 
introduced at the top surface of the hydrogel in order to make the swelling-induced bifurcation 
easily formed.  
 
Figure 4.2 A bifurcation pattern of the thin film gels assuming the interface is contact allowing separation 
Although the bifurcation is obviously shown in Figure 4.2, it is hardly appeared in practice, as 
the self-weight and viscosity of the gel will prevent this formation. Delamination is acceptable, 
but a large area of separation is not common, and further confinements and assumptions at the 
interface have to be considered. 
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4.1.2 Swelling of hydrogel layer without separation 
The assumption regarding the interface between the thin film gel layer and the substrate as a 
contact pair allowing separation will cause a large area of delamination at the interface in the 
swelling process. Consider the interface as fully constraint, namely, the separation between the 
gel and the substrate is not permitted. A homogenous state of a free-swelling mode is deformed 
as shown in Figure 4.3. 
 
Figure 4.3 Deformed shape considering the interface as fully constraint 
 
Figure 4.4 A model of a gel layer subject to a substrate assuming a soft layer at the interface 
Considering the swelling of a confined hydrogel layer and surface evolution simulated by a 
nonlinear FEM package. We assume that there is a thin layer between the swelling gel and the 
substrate as shown in Figure 4.4, which can be regarded as a delamination or adhesion layer 
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depending on the variation of the Young’s modulus of the thin layer. One physical meaning of 
this layer may be considered as the boundary effect, whereas the molecules of the solvent cannot 
wholly transmit within the gel polymer network next to the substrate comparing to the network 
beyond the substrate. As some constraints exist next to the boundary of the gel layer, the 
swelling may not proceed at the same rate between the assumed thin layer and the swelling gel 
layer. Another physical interpretation of the soft thin layer is to consider it as the adhesion layer 
between the hydrogel and the rigid solid substrate. If the Young’s modulus of the soft layer is set 
very low, the simulation is similar to allowing the delamination of the gel from the substrate as 
shown earlier in Figure 4.2. 
 
Figure 4.5 A model of boundary conditions of numerical simulation 
Figure 4.5 illustrates the two-dimensional plane strain model of a thin film gel with a soft layer 
between it and a rigid solid substrate. The thickness of the layer of swelling gel is denoted as tg, 
the soft layer ts and the length L. The soft layer is prevented to deform downward and no 
penetration is allowed at the interface of the soft layer and the substrate. The interface between 
the soft layer and the substrate has been fully attached and thus can be modeled as fully 
constrained in the thickness direction. The interface between the gel and the soft layer has been 
modeled as a tie constraint of surfaces implying that the two surfaces deform together and each 
point on one surface have the same displacement as the corresponding point on the other surface 
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in the numerical simulation. An arbitrary initial perturbation is introduced at the top surface of 
the hydrogel in order to induce any bifurcation of the swelling gel to be formed. The ratios of tg 
to L, ts to L and the normalized Young’s modulus of the soft layer is varied to capture the effect 
of the bifurcation of the thin film hydrogel.  
 
4.1.2.1 The effect of initial swelling ratio λ0  
The initial swelling ratio λ0 is a state parameter of the gel material used to define a reference 
state for the gel. The latter is adopted to avoid the singularity problem caused by the initial state 
of the gel. In the homogeneous free swelling case, the initial swelling ratio is also the stretch of 
the gel deformation. The relationship between the chemical potential of the gel and the stretch is 
illustrated in Figure 3.2.  




Figure 4.6 Effect of initial swelling ratio (A) initial swelling ratio 1.2 and (B) initial swelling ratio 1.5   
Figure 4.6 shows the simulated results of the two models with the same configuration but 
different initial swelling ratios. It is observed that the buckling modes are the same, comprising 
seven buckling waves for each case. The difference between the phases may be caused by the 
(A) 
(B) 
Initial swelling ratio 
lamada0=1.2 
Initial swelling ratio 
lamada0=1.5 
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arbitrary initial perturbations. As expected, the buckling shapes are not influenced by the 
reference state, since the latter is just a state parameter to facilitate the numerical calculation 
without physical changes. However, the value of initial swelling ratio does affect the rate of 
convergence of the numerical simulations as it influences the chemical potential increment at 
each time step. The initial swelling ratio of the following analysis is partially based on the 
convergence considerations to ensure that the simulation will not be aborted prematurely. 
Different levels of imposed boundary conditions warrant different ranges of initial swelling ratio 
for convergence.  As shown in Figure 3.2, the deformation of swelling gel increases sharply 
when the chemical potential approaches zero. For the same number of increments in each 
analysis, the size of each step increment of a larger initial swelling ratio is smaller than that of a 
smaller initial swelling ratio. To optimize the computing resources, we adopt a larger initial 
swelling ratio λ0 for the conditions with strong boundary effects, and a smaller λ0 for those with 
weak boundary effects. 
 
4.1.2.2 The effect of the thickness of thin film gels 
In this section we will discuss the effect of the thickness of thin film gels to the buckling shapes 
via numerical simulations. In this series of analysis, we use CAX8 element and the number of 
elements in each model remains constant. The ratio of the length L to the thickness of the soft 
layer ts is kept at 100:0.2, while the ratio of L to tg varies from 100:1 to 100:3. The results are 
shown in Figure 4.7.  
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From Figure 4.7, we can see that the instability weakens while the thickness of the layer of thin 
film gel increases. The wrinkle periodicity λ increases while the amplitude decreases as the layer 
become thicker. When the length to thickness ratio of the gel layer is greater than 100:2.5, the 
buckling is less apparent, and the deformation becomes free-swelling governed when the ratio 
passes 100:3. 
 
4.1.2.3 The effect of Young’s modulus on the adhesion layer  
The adhesion layer is defined as a layer with soft material, which is an imaginary material with 
elastic engineering material properties and obeys Hooks Law. The Young’s modulus of this soft 
material may vary, and influence the deformation behavior of the thin film layer. The values of 
normalized Young’s modulus of the soft layer have been varied from 1E-10 to 1E-2 to depict the 
behavior of the thin-film gel at various levels of normalized stiffness.  




Figure 4.8 Effect of the normalized Young’s modulus of the soft thin layer (A)  νE/kT =1×10-10 (B) νE/kT 
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Figure 4.8 displays a series of results obtained by varying the Young’s modulus Es of the 
adhesion layer. The results show that the buckling is less apparent when the assumed layer is 
stiffer. As Es exceeds a certain value, the assumed layer is sufficiently stiff to produce a strong 
confinement of the deformation of the thin filmed gel, and the gel layer can be regarded as being 
constrained in the thickness direction at the interface, forcing the hydrogel to deform in one 
dimensional free swelling pattern. Genzer and Groenewold (2005) proposed a theory of buckling 
of hard skin subject to a soft material, which implies that the buckling is influenced by the ratio 
of the stiffness between the thin film and the soft layer. The Young’s modulus of the thin film of 
gels, however, is difficult to be measured in practice because the properties of the material vary 
enormously as the environment stimuli vary. While the theory of the thin film gels requires 
further improvement, the results observed in Figure 4.8 show the same trend as that presented by 
Genzer and Groenewold (2005).  
 
4.1.2.4 The effect of the thickness of the adhesion layer 
As a complementary to the assumption of the adhesion layer, the performances of the thin film 
gels of various thicknesses are considered. Different appropriate initial swelling ratios are 
adopted to ensure the numerical convergence.  




Figure 4.9 Effect of the thickness of the soft layer with E=1×10-5 (A) ts=1 (B) ts=0.2 
(A) 
(B) 
Geometry of soft 
layer 100:1 
Geometry of soft 
layer 100:0.2 




Figure 4.10 Effect of the thickness of the soft layer with E=1×10-8 (A) ts=1 (B) ts=0.2 
The thickness of the thin soft layer should be within a certain practical range in applications. The 
details of the proper range have not yet been established experimentally, but reasonable values 
have been adopted in the analysis to obtain the trend of the buckling phenomenon. It is observed 
from the two series of results shown in Figures 4.9 and 4.10 that the thickness of the assumed 
soft layer affects the wrinkle of the thin film gels. The buckling shape of model of L to ts ratio of 
Geometry of soft 
layer 100:1 
Geometry of soft 
layer 100:0.2 
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100:1 is more apparent than that of L to ts ratio of 100:0.2. The buckling phenomenon is easier to 
form as ts become larger. The wrinkle wave number and the amplitude are also greater in both 
cases.  
 
4.1.3 Bifurcations of thick gel layer 
In the numerical simulation, we find that not only the thin film gels can buckle with the 
assumption of the soft layer, but the thick gel layer also wrinkles around the top surface even 
though the confinement of the interface between the gel layer and the substrate is considered as 
fully constrained. Contrary to the conditions shown in Figure 4.3, the thick layer of the gel 
deforms in a free-swelling pattern first, and then the buckling phenomenon occurs when the 
stretch is large, namely, the chemical potential approaches zero. Figure 4.11 shows an example 
of the deformation shape of the bifurcation of thick gel layers. In this model, the deformation of 
the nodes at the interface is regarded as fixed in the thickness direction, and the two sides of the 
gel layer are prevented to lateral displacement in the length direction. An arbitrary initial 
perturbation at the top surface of the gel layer is given. The initial L to tg ratio is 100:20, and the 
initial swelling ratio is 1.5 in this case. 




Figure 4.11 Bifurcation of a thick layer of gels subject to a substrate 
This buckling phenomenon occurs because of the weakening of the boundary effect during the 
deformation. As the gel layer becomes thicker in the swelling process, the boundary effect 
proposed by the fixed bottom interface will become insignificant to the top part of the layer. 
Unlike the thin film gels, the thicker layer of the gel is not normally used in practice, as the soft 
material is usually intended to be thinner to enhance the performance. It is inconvenient to apply 
such a huge volume of hydrogels in practice.  
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4.2 Buckling deformation of annular plates of gel 
Green et al. (1996) demonstrated that undulating periodic patterns from an initial flat annular 
structure are a physical response of expanding surface under a lateral restraint. It has been 
observed that during the commencement of growing, the undulating patterns on the leaves are 
not visible. The patterns become apparent when the plants continue to grow.  This behavior can 
be explained based on the inhomogeneous deformation of gel materials which behave similar to 
those with hyper-elastic material properties.  
Around the inner area, which is approaching the stem of a flowering cabbage, it is relatively 
stiffer when compared to the outer area. The interface between the stem and the leaves is 
modeled in ABAQUS as an inner surface constrained from translational motions in x, y and z 
directions. When the leaves grow, the inner area will be under stress. During the seedling stage, 
the stress is still significantly lower than the critical value so the wavy patterns are not widely 
observed. However, as the leaves continue to grow, the critical stress is reached, buckling begins 
to occur and the leaves deform to a buckling pattern with minimum strain energy. The patterns 
on the cabbage leaves on different levels can be roughly modeled by annular plates with various 
geometrical features.  
A comparison study involving the stability of a thin uniform annular plate is carried out. The 
behavior of a series of structures is evaluated via numerical simulation of the swelling of thin gel 
annular plate held along the inner edge. A similar group of structures is also analysed by solid 
mechanics concept using energy principle and the results from both cases will be compared and 
discussed. Each annular plate is assumed to be clamped along the inner edge of radius b and free 
along the outer periphery at radius a. The buckling patterns of annular plates with b/a varying 
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from 0.05 to 0.9, representing plates with small hole and those with narrow strips respectively, 
will be examined to establish the relationship between an annular plate’s geometry and 
inhomogeneous deformation. For convenience, the relevant thickness, h=1, and the outer radius, 
a=20, are kept unchanged throughout this study.  
 
4.2.1 The effect of initial perturbation 
A typical buckling pattern is illustrated in Figure 4.12. To simulate imperfections which 
normally exist and to facilitate the forming of the plate buckling deformation, small perturbations 
are imposed at certain points along a circumferential length in the plate domain. An example of a 
perturbation procedure adopted in the simulation of an annular plate of an initial value of b/a 
ratio of 0.7 is given to illustrate the process implemented herein. 
 
 
Figure 4.12 A typical buckling pattern of a gel model 
We adopt a procedure to establish the undulating periodic pattern of an annular plate with a 
particular b/a ratio based on the condition of requiring least energy to form. It has been observed 
that the number of circumferential waves, n, increases progressively in accordance with the 
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increasing value of the b/a ratio. We may start with a small b/a ratio, such as 0.1 or 0.05, and 
perturb the plate at just 1 or 2 points along a circumferential length. As the buckling patterns 
correspond to the minimum total potential energy, the desired forms will emerge despite the fact 
that the number of perturbing points may be slightly more or slightly less than the ideal number 
of points to cause the most likely number of circumferential waves.  The value of n for the next 
larger b/a ratio can then be estimated and confirmed by trial and error method via perturbing the 
plate along a circumference with a number of points close to the estimated values. For example, 
with n=5 for the b/a=0.6, we may try perturbing the plate at say 5, 6, 7, and 8 points along a 
circumferential length to get the correct n for b/a=0.7. It has been observed that results from the 
simulation converge to the buckling patterns with n=6. The deformation configurations with n=6 
of the plate of b/a=0.7 with 5 to 8 perturbing points are shown in Figure 4.13.  
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      (a)                                                                   (b) 
                       
(c)                                                                  (d) 
Figure 4.13 Buckling patterns of annular plate with initial b/a ratio of 0.7 (n=6) with the numbers of 
perturbing points equal to (a) 5, (b) 6, (c) 7 and (d) 8. 
4.2.2 The effect of b/a ratio 
Figure 4.14 illustrates the simulated buckling patterns of annular plates with various values of 
b/a ratio resulting from the swelling of gel materials. As mentioned in the preview in section 4.2, 
these annular plates are of the same thickness, h=1, and the outer radius, Ro=20. 9. As the 
buckling of annular plate is affected just by the ratio of the parameters, hence the units are not 
necessary for these parameters, provided that they are consistent. The larger the central hole, the 
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narrower the annular plate strip and consequently the larger the number of circumferential waves 
is observed in the buckling patterns. The undulating periodic patterns observed in these annular 
plates are obtained via the growth of polymeric gel material of similar geometry restrained from 
moving along the inner edge and freely expanded at the outer periphery based on the 
inhomogeneous gel theory. As the gel grows, the outer radius is expanding and hence a is 
increasing while the inner radius is held at a constant value of b, the value of b/a ratio keeps on 
decreasing during the growth. The gel will also expand in the thickness direction. The simulated 
buckling patterns of gel annular plates are thus reported as corresponding to the values of b/a 
ratio when commencement of buckling is observed. The undulating patterns on leaves of 
flowering cabbage shown in Figure 4.15 can be rather closely explained via the buckling 
behavior of annular plates, which can be regarded as thin soft materials adhered to a stiffer core. 
 
4.2.3 Comparison between results from numerical simulation and analytical solution 
Comparison of simulated undulating periodic patterns induced by the swelling of gel materials 
with the buckling solutions of annular plates via solids mechanics is less straight forward. The 
former is the deformation induced buckling causing the geometry, material properties and 
constrained loading to vary over the swelling process. On the contrary, the latter is the force 
induced instability with negligible alterations of forms, mechanical properties and rather 
uniformly applied in-plane parameter, q, in the plates. As the undulating periodic patterns are of 
the main concerns here, we compare the number of circumferential waves obtained from the 
aforementioned two approaches at the same value of b/a ratio at the incipient of buckling of each 
mode. If we assume that the shear modulus, G, of the swelling gel shares the same order of the 
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dry gel network without any solvent molecules, NkT, the values of E can be estimated for each 
adopted value of Poisson’s ratio, v. 
The analytical values of the number of circumferential waves, n, as presented in Table 4.1 are 
obtained via the minimization of total potential energy with 2 and 3 terms of polynomial base 
functions for the displacement field for materials with Poisson’s ratios of 0.3, 0.4 and 0.5.  It is 
observed that analytical solutions resulting from using 2 and 3 terms in displacement field do not 
deviate substantially from each other; thereby implying a fast convergence of solutions for the 
lower buckling modes under consideration. A higher value of Poisson’s ratio similarly provides a 
marginally larger number of circumferential waves, n for the plates with the same geometry.  It is 
also apparent from Figure 2.2 that the number of circumferential waves, n is less sensitive to the 
variations of the values of b/a ratio lower than 0.5 but varies more rapidly at higher b/a ratio 
values. 
   
(a) £ = 1 (b) £ = 2 (c) £ = 3 
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(d) £ = 4 (e) £ = 5 (f) £ = 6 
  
(g) £ = 9 (h) £ = 16 
 
Figure 4.14 Buckling patterns of gel annular plates of b/a ratios at buckling of (a) 0.05; (b) 0.15; (c) 0.33; 
(d) 0.48; (e) 0.58; (f) 0.69; (g) 0.78; and (h) 0.87 




Figure 4.15 Undulating pattern on leaves of flowering cabbage  




Table 4.1 Comparison of number of circumferential waves obtained from numerical simulations via gel 







 = ( − w)\(¤ + ¥w)  = ( − w)\(¤ + ¥w+ ©w\) 
v=0.3 v=0.4 v=0.5 v=0.3 v=0.4 v=0.5 
0.05 1 1 2 1 1 1 1 
0.15 1 2 2 1 2 2 2 
0.24 2 2 2 2 2 2 2 
0.33 2 2 2 2 2 2 3 
0.48 2 2 3 2 2 3 4 
0.58 3 3 3 3 3 3 5 
0.69 4 4 5 4 4 5 6 
0.78 6 7 7 7 7 7~8 9 
0.87 12 12 13 13 13 13~14 16 
 
A comparison study on the number of circumferential waves obtained from numerical 
simulations via inhomogeneous gel theory and analytical study is given in Table 4.1. For a fair 
comparison of results, the numerically simulated values and analytical solutions are both 
evaluated for the same value of b/a ratio at the observed commencement of buckling of each 
plate. The analytical solutions based on the adopted 3 terms of polynomial base function in 
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displacement field obviously provide a more accurate set of results compared to those using less 
displacement functions. The analytical values based on a Poisson’s ratio of 0.5 are adopted in the 
comparison as incompressibility of gel material is observed in the numerically simulated results 
based on the inhomogeneous gel theory. Both solutions match relatively well, in particular for 
the annular plates with smaller values of b/a ratio, however, larger discrepancy is observed at 
higher values of b/a ratio of the annular plates. These larger discrepancies observed at higher 
values of b/a ratio are due mainly to the following reasons: 
(a) It is well known that analytical solutions based on a few terms in assumed displacement 
field provide more accurate results for lower buckling modes but less precise for higher 
undulating patterns.  The latter is also highly sensitive to the variation of the b/a ratio 
larger than about 0.6 as demonstrated in Figure 2.2. 
(b) Numerical simulation process of annular plates involves the swelling of the gel material 
inducing the continual variation of the values of b/a ratio of each plate. Unlike plates of 
engineering material properties, the gel plates continue to swell while undulating patterns 
have developed and are still on-going. It is harder to pinpoint the precise configuration of 
each plate at the commencement of buckling. Consequently, to record accurately the 
corresponding values of b/a ratio at commencement of buckling in particular at higher 
modes for numerical simulations based on inhomogeneous gel theory. This will most 
likely lead to recording the lower values of b/a ratio for the corresponding reported 
values of the number of circumferential waves, n. The values of n based on gel theory as 
reported in Table 1 are thus possibly slightly too high for the corresponding recorded 
values of b/a ratio larger than about 0.5.   
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(c) Certain inherent deviations of constrained loading patterns incurred in the two 
approaches. 
 
4.3 Simulation of natural forms using gel materials 
4.3.1 Effect of Young's modulus  
A solids/shell system is established to mimic the pericarp/sarcocarp structure of each fruit. 
Various parts of a fruit are modeled using different types of materials as appropriate. Membrane 
core, if present in any fruit, is significantly stiffer than that of the sarcocarp and grows much less 
than both sarcocarp and pericarp. Elastic engineering materials of equivalent mechanical 
properties may be adopted to represent the stiff membrane while gel-based materials, with 
relatively equivalent mechanical properties to the natural plant materials to mimic the growth 
process of fruits, are employed to model the swelling of both sarcocarp and pericarp. Niklas 
(1989) reported that the value of Young’s modulus of a plant tissue is affected by several factors 
including turgor pressure, geometry of its constituent cells and cell wall composition. He 
reported the values in the order of hundreds of MPa for Allium on sativum flower stalks with 
tissue density of about 0.15 g/cm3. Georget et al. (2003) and Newman et al. (2005) reported the 
mechanical properties of several daily vegetables and fruits based on experiments. Hong et al. 
(2009) stated that the cross-linked polymers in the absence of solvent molecules have a shear 
modulus under the small-strain conditions as NkT, that is related to the value of Young’s 
modulus E. Based on the above studies, the suggested values of Young’s moduli of various 
living tissues are listed in Table 4.2. Unless stated otherwise in this study, the values of Young’s 
modulus are listed in Table 4.3, and 0.33 is adopted for the Poisson’s ratio of plant tissues. As 
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different parts of fruits and vegetable grow at different paces (Dumais and Steele, 2000), the 
phenomena can be simulated via varying the values of Nv and χ which inflects the swelling ratios 
of the gel materials (Liu et al. 2011, Wu et al. 2013). In order to mimic the phenomena in a 
reasonable range, the values of χ of gel materials are set at 0.01 for mesophyll of leaves and 
sarcocarp of fruits and 0.1 for pericarp of fruits for gel materials in the simulations that follow.  
Table 4.2 Mechanical properties of fruit and vegetable tissue 
Living Tissues  Young’s Modulus  (MPa) 
Lettuce 0.29 to 0.61 
Potato 3.56 to 5.97 
Fresh carrot (analytical) 2 to 33 
Stoloniferous herbs (Trifolium repens/Potentilla reptans) 75 to 150 
Flower stalk 106.1 to 384.5 
 
Table 4.3 Analytical values of the Young’s modulus adopted in this study 
Tissues  Materials Young’s Modulus  (MPa) 
Mesophyll of leaves Gel (Nv=0.005) 0.266 
Sarcocarp of fruits Gel (Nv=0.01) 0.532 
Pericarp of fruits Gel (Nv=0.1) 5.32 
Membrane of fruits Engineering  50 
Vein of leaves Engineering 300 
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The thickness of the pericarp and the ratio of major axis and minor axis of the models are 
prescribed proportionally, following the dimensions of a typical actual fruit.  In the swelling 
implementation, the absolute values of chemical potential and those of other parameters are less 
crucial as the differential growth of each part has greater influence on the pattern formation of 
the fruits. Hence, in order to mimic the morphology of various fruits, the relative values of 
mechanical properties and chemical potential for core, sarcocarp and pericarp have to be 
judiciously selected. 
 
4.3.2 Simulation of fruits and vegetables 
4.3.2.1 Simulation of growth of apples 
The first simulation involves the modeling of the growing of an apple which is a common 
solids/shell system fruit in nature. The vertical cross section of an actual apple as shown in 
Figure 4.16 illustrates the three parts: core, sarcocarp and pericarp of an apple. Sketches of the 
details of finite element model of the above three parts are depicted in Figure 4.17. For simplicity, 
the immature stage of apple is assumed to be spherical. The sarcocarp and pericarp of the apple 
grow significantly more and are relatively much softer than the core. Hence, it is reasonable to 
adopt gel material which is capable of large deformation for the sarcocarp and pericarp and 
engineering material which is relatively stiff to model the core. The top area of the core in the 
model is held stationary in three directions to mimic the presence of the stem there while the fruit 
deforms freely elsewhere. 




Figure 4.16 Vertical cross-section of an apple 
Since engineering material properties are used for core, its deformation is normally negligible as 
compared to that of gel material. The growing process is simulated by varying the values of the 
gel chemical potential. The normalized values of the chemical potential in the sarcocarp vary 
from -0.0426 at the initial stage to 0 at the mature stage, whereas those of pericarp vary from the 
initial value of -0.00929 to 0 at the mature stage. The simulated apple will swell freely outwards, 
and eventually arrive at the configuration of the mature stage. Figures 4.18 and 4.19 depict the 
comparison of actual and simulated configurations of an apple in the mature stage including 
those of vertical and horizontal cross sections. It is imperative to ensure the appropriate relative 
values of material properties with less concerns on actual values. Parameters affecting the growth 
geometry include (i) different core size and (ii) the values of Nυ and χ of gel materials. Chemical 
potential values of gel materials and geometric constraints of membranes also play a significant 
role in the growth simulation of fruits. 
 




                      (a)                                    (b)                                                            (c) 
Figure 4.17 Models for an apple, (a) core, (b) sarcocarp and (c) pericarp 
 
 
(a)                                                                                (b) 
Figure 4.18 Comparison of (a) actual and (b) simulated configurations of apple at mature stage 




(a)                                   (b)                                (c)                                     (d) 
Figure 4.19 (a) Vertical and (c) horizontal cross-sectional configurations of actual apple as compared to 
those of (b) and (d) of simulated configurations at mature stage 
 
4.3.2.2 Simulation of growth of capsicums 
Capsicum is distinguished by its unique shape and internal structure. The core with seeds of the 
capsicum is rather spheroidal and located near the top connecting to the stem. There are four 
rather rigid membranes evenly distributed within the capsicum as shown in Figure 4.20. 
Engineering material with the same properties mentioned earlier are used for both core and 
membranes as their stiffness are substantially higher than those of the sarcocarp and pericarp. 
The initial shape of the model is cylindrical trapezoid with the pin boundary conditions at the top 
to acknowledge the existence of the stem. The sarcocarp and pericarp are modeled as a thick 
shell structure using solid finite elements of gel material with the same properties adopted earlier 
for the simulation of apple, where the values of Nυ are 0.01 and 0.1 respectively. The 
comparison between the actual capsicum and the simulated results are shown in Figs. 4.21 and 
4.22.  
 




                                (a)                                                                                       (b) 
Figure 4.20 Locations of stiff membranes in capsicum, (a) horizontal and (b) vertical cross-sectional 
configurations 
 
(a)                                                     (b) 
Figure 4.21 Comparison of (a) actual and (b) simulated configurations of capsicum at mature stage 
  






(a)                                       (b)                                 (c)                                  (d) 
Figure 4.22 (a) Vertical and (c) horizontal cross-sectional configurations of actual capsicum as compared 
to those (b) and (d) of simulated configurations at mature stage 
 
4.3.3  Simulation of the drying of leaves 
In order to mimic the drying process of leaves, the shapes at the mature stage of the leaves are 
used as the initial configurations. Leaves consist mainly of two parts: vein and mesophyll. As 
vein is much stiffer than mesophyll, only the latter is subjected to large deformation during the 
drying process. Engineering material properties are used for the vein whereas those of gel 
material are adopted for the mesophyll. In the implementation of de-swelling process, The initial 
chemical potential value assigned to the mesophyll is closer to zero than that of the final value to 
induce the shrinking of the gel materials to simulate the buckling deformation of the de-swelling 
leaves. 
In order to investigate the drying process of leaves comprehensively, three starkly different types 
of leaves depicted in Figure 4.23 are chosen for illustrated simulations. They are labeled from 
left to right as Leaf 1 (Ixora ‘Super Pink’), Leaf 2 (Bauhinia Kockiana) and Leaf 3 (Epipremnum 
Aureum). The shapes of the leaves and their vein structures are modeled similar to those of the 
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real leaves, as shown in Figure 4.24. The simulated configurations are later compared with those 
of the same real leaves at their dried stage. 
 
                         (a)                                                     (b)                                                        (c) 
Figure 4.23 Three different types of leaves used in the simulations, (a) Leaf 1 (Ixora ‘Super Pink’), (b) 
Leaf 2 (Bauhinia Kockiana) and (c) Leaf 3 (Epipremnum Aureum) 
 




Figure 4.24 Skeleton geometries of the three leaves in Figure 4.23 
 
4.3.3.1 Ixora ‘Super Pink’ 
The vein system of leaf 1 consists of a main vein in the middle with several sub-veins branched 
out representing a dicot leaf. The vein can be considered as the skeleton of the leaf and it is 
expected to have negligible shrinkage during its drying process. The engineering material 
properties are used for the vein system. Only the leaf base connecting to the stem is set to be 
fixed in three directions and hence the leaf is expected to experience a large bending deformation 
due to its fix-free boundary conditions. The initial value of the normalized chemical potential of 
the mesophyll is set at -0.000418 which is close to zero and is equivalent to that of the fresh leaf 
at the initial stage. The normalized chemical potential value reduces (alters to a larger negative 
value) during the de-swelling stages to the final value of -0.05237 to induce the shrinking of the 
gel materials to simulate the buckling deformation of the de-swelling leaf. During the simulation, 
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the leaf model undergoes the de-swelling process until it is close to its dried state. Figure 4.25 
illustrates the simulated deformation patterns of leaf 1 during various stages of its drying process 
while the similarity of the actual and simulated leaf deformation patterns at its dried stage is 






Figure 4.25 Simulated deformation patterns of leaf 1 during various stages of its drying process 
                        
(a)                                                                        (b) 
Figure 4.26 Comparison of (a) actual and (b) simulated configurations of leaf 1 at dried stage 
 
  Chapter 4 Numerical results and discussion   
82 
 
4.3.3.2 Bauhinia Kockiana 
Different from leaf 1, in leaf 2 which is a monocot leaf, the vein system consists of three main 
longitudinal veins of similar sizes. Therefore, the properties of the three veins are set to be the 
same. They are relatively thinner than the one in leaf 1 and this has been reflected via adopting 
the smaller vein dimension of actual size in the simulated model. Similar to leaf 1, the drying 
process is simulated by the de-swelling of the gel material in mesophyll. The initial value of the 
normalized chemical potential of the mesophyll is set at -0.0004188 for the fresh leaf at the 
initial stage. The value reduces during the de-swelling stages to the larger negative final value of 
-0.05237 inducing the shrinking of the gel materials. As the boundary conditions are the same as 
those for leaf 1, large displacement at the tip of the leaf is predicted while we expect less 
transverse deformation than that of leaf 1 due to the structural differences of their vein systems. 
Figure 4.27 displays the simulated deformation patterns of leaf 2 at various stages of its drying 
process. We show the similarity of the actual and simulated leaf deformation patterns at its dried 




Figure 4.27 Simulated deformation patterns of leaf 2 during various stages of its drying process 




(a)                                                                      (b) 
Figure 4.28 Comparison of (a) actual and (b) simulated configurations of leaf 2 at dried stage 
 
4.3.3.3 Epipremnum Aureum 
The geometry and structure of leaf 3, which is a dicot leaf, as shown in Figure 4.29, are markedly 
different from those of the previous two leaves. Though the vein system of leaf 3 seems to be 
similar to that of leaf 1, it is observed that the sub-veins of leaf 3 are substantially thinner than its 
main vein and those of the previous two leaves. In addition, the mesophyll of leaf 3 is relatively 
much stiffer than that of the previous two leaves, and hence the presence of the sub-veins of leaf 
3 do not contribute significantly on the transverse stiffness of the leaf compared to the earlier two. 
In order to mimic such morphology, the reasonable vein sizes of main vein and sub-vein are 
adopted in order to match the actual dimensions. Similar to the simulations of the above 2 leaves, 
the drying process is simulated by the de-swelling of the gel material in mesophyll. The initial 
value of the normalized chemical potential of the mesophyll is set at -0.003219 and reduces 
(becomes larger negative) during the de-swelling stages to the final value of -0.042619 to induce 
the shrinking of the gel materials. The final transverse deformations at the edges are predicted to 
be large due to a substantial extension of mesophyll in the transverse direction and the presence 
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of the much less stiff sub-veins. Figure 4.30 displays various simulated deformation patterns of 
leaf 3 during its drying process while the similarity of the actual and simulated dried leaf 












Figure 4.30 Simulated deformation patterns of leaf 3 during various stages of its drying process 
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(a)                                     (b) 
Figure 4.31 Comparison of (a) actual and (b) simulated configurations of leaf 3 at dried stage 
From the pattern formations of the above three different kinds of leaves during their drying 
process, it can be concluded that the vein system plays a significant role in the leaf drying 
deformation patterns. During the drying process of the leaf, less displacements are expected at 
the tip or edges of the leaf with stiffer vein/s spanning in that direction while larger deformations 
are expected in less stiff direction and/or broader mesophyll extension.  
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Chapter 5 Conclusions 
This thesis focuses on the inhomogeneous field of a swollen gel in equilibrium with a solvent 
and mechanical load. The chemical potential of the solvent molecules is homogenous in the gel, 
and is influenced by the external solvent. A monophasic theory of gel deformation has been 
proposed, and we show that the field in the equilibrated gel is analogous to the field in a 
compressible hyperelastic solid by using a Legendre transformation. A constitutive equation has 
been introduced, and the theory for the deformation of electroneutral gels is implemented into 
finite element package for ABAQUS invoking a user-defined subroutine for materials as Hong et 
al demonstrated in 2009.  
In the research of the thin film gels, we follow the monophasic theory in the simulation referring 
to the previous researches on the hard skin subjecting to a soft substrate and on the nonlinear 
perturbation theory of the thin film gels. If an adhesion layer around the interface of the gel layer 
and the substrate has been considered, several concluding remarks can be drawn from current 
preliminary study. The thin film gel will buckle when the length to thickness ratio of the gel 
layer is within a certain value. The phenomenon of the buckling of the thin film gel layer will be 
weakened as the Young’s modulus of the adhesion layer becomes larger, and the gel will swell 
freely when the Young’s modulus reaches certain higher value. The wrinkle is more apparent as 
the thickness of the assumed adhesion layer increases. When the gel layer is thick enough, the 
boundary effect of the interface between the gel layer and the substrate can become insignificant 
as expected.   
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The inhomogeneous deformation of annular plates with various geometries has been studied. 
From the simulation results, it can be observed that the buckling patterns of annular plates are 
affected by various parameters including their material properties and geometry, in particular the 
values of b/a ratio. Simulated results based on inhomogeneous gel theory and analytical solutions 
obtained from the energy principle of the classical stability theory of annular plates share the 
same trend. The undulating patterns on leaves such as those of flowering cabbage can thus be 
explained via the buckling behavior of annular plates, which can be regarded as soft thin 
materials adhered to a stiffer core. The study using gel materials can also be extended to cover 
other stimulus agents under different environmental conditions and the outcome may bring 
further insights into the evolution of plants under various weather conditions.  
The inhomogeneous field gel theory is adopted to mimic the formation patterns of the growing of 
natural fruits and drying of leaves via the swelling and de-swelling of gel materials. Numerical 
simulations of the systems with core/shell structures and thin membrane sheets are mainly 
focused on. The swelling process of a gel material to simulate the growth of several types of 
common fruits with core/shell system, namely, apple and capsicum is adopted. For the drying 
process of leaves, three kinds of leaves with different vein structures and geometries are studied 
aiming for a more comprehensive investigation. The growing process of fruits and drying 
process of leaves are simulated using the inhomogeneous field theory of gel materials via 
ABAQUS finite element program. The study demonstrates that gel materials with proper 
material properties are suitable to represent the sarcocarp and pericarp in fruits and mesophyll in 
leaves for the simulation of the growth and drying processes of these natural produces with a 
view to explain their morphology. 
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The trial functions for w adopted in equation (2.61) satisfied all the geometry boundary 
conditions listed in equations (2.57) to (2.60). Substituting equation (2.61) into equation (2.56) 
and performing the integration process lead to the following expression for the total potential 
energy Π: 
\Π/D = −¨K−(167¥\\ + 30¤\£\ − 60¥\\À£ − 123¥\\£\
+ 120¤¥£\ + 60¥\\£\À£)i
+ (480¥\\ + 240¤\£\ + 596¤¥ − 240¤¥À£
− 240¥\\£\ + 480¤¥£\À£)Â
− (380¤\ − 240¤\À£ + 630¥\\ − 125¤\£\ + 1200¤¥
+ 420¤\£\À£ − 210¥\\£\ − 840¤¥£\)
+ (−480¤\£\ + 480¤\ − 480¤¥£\ + 720¤¥
− 160¥\\£\ + 320¥\\)_
+ (210¤\£\ + 280¤¥£\ + 160¤¥ + 105¥\\£\
+ 195¥\\)\
− (80¤\£\ + 160¤\ + 120¤¥£\ + 420¤¥ + 48¥\\£\
+ 288¥\\)










+K(33¥\\ − 6¤\£ − 12¥\\À£ − 82¥\\£\ + 25¥\\£ + 24¤¥£\
− 24¤¥£ + 24¥\\£\À£ − 12¥\\£À£)i
− (192¥\\ + 48¤\£\ − 48¤\£ + 168¤¥ − 240¥\\£\
+ 48¥\\£ − 464¤¥£\ + 80¤¥£ − 48¤¥À£
+ 288¤¥£\À£ − 96¤¥£À£)Â
+ (96¤\ − 48¤\À£ + 492¥\\ − 144¤\£\ + 480¤¥
+ 192¤\£\À£ − 72¤\£À£ − 312¥\\£\ + 36¥\\£
− 816¤¥£\ + 144¤¥£)
− (48¤\£ − 240¤\£\ + 192¤\ + 48¤¥£ − 432¤¥£\
+ 600¤¥ + 16¥\\£ − 208¥\\£\ + 576¥\\)_
+ (6¤\£ − 48¤\£\ + 96¤\ + 8¤¥£ − 104¤¥£\
+ 288¤¥ + 3¥\\£ − 54¥\\£\ + 243¥\\)\O/12
+ (1 − r)K−(¤\£\ − ¥\\£\ + ¥\\)i
+ (−8¥\\£\ + 8¥\\ − 8¤¥£\ + 4¤¥)Â
+ (6¤\£\ + 18¥\\£\ − 22¥\\ − 4¤\ + 24¤¥£\
− 4¤¥)
+ (−8¤\£\ − 16¥\\£\ + 24¥\\ + 8¤\ − 24¤¥£\
+ 28¤¥)_
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where ¨ = | [ and  denotes the b/a ratio. The energy principle requires that Π should be 
minimized with respect to the undetermined parameters, A and B. Hence,  
Pª]] ª]\ª\] ª\\T Ã¤¥Ä = 0 (A.2) 
where  
ª]] = −¨(420£\\ − 320 − 960£\_ + 250£\ + 480£\Â − 60£\i
− 160£\ + 30£\ + 960_ − 760 + 480À£
− 840£\À£ + 120)/60
− (384 + 288£\\ + 96£\_ − 96£_ + 12£ − 480£\
+ 96£ + 96£\ − 12£ − 192\ + 96\À£ − 384£\\À£
+ 144£\À£ − 192)\/12




= −¨(144 − 420 + 24£\ + 160\ + 720_ − 1200
+ 596Â − 120£\ − 240ÂÀ£ + 280£\\ − 480£\_
+ 840£\ − 424£\Â − 120£\i + 480£\ÂÀ£)/60
+ (288 − 600 − 104£\ + 8£ + 480\ − 168_ + 432£\
− 48£ + 48_À£ − 816£\\ + 464£\_ + 24£\
+ 144£\ − 80£_ − 24£ − 288£\_À£
+ 96£_À£)\/12
− (1 − r)\( − 1)\(12 − 4 − 8£\ + 8£\) 
(A.4) 
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ª\\/\ = −¨(180 − 576 + 20£\ + 390\ + 640_ − 1260 + 960Â
− 334i − 96£\ + 120iÀ£ + 210£\\ − 320£\_
+ 420£\ − 480£\Â + 246£\i − 120£\iÀ£)/60
+ (486 − 1152 − 108£\ + 6£ + 984\ − 384_ + 66
+ 416£\ − 32£ − 24À£ − 624£\\ + 480£\_
− 164£\ + 72£\ − 96£_ + 50£ + 48£\À£
− 24£À£)\/12




Equation (A.2) is an eigenvalue problem, and the numerical solutions exist only when 
Åª]] ª]\ª\] ª\\Å = 0 (A.6) 
That is a second degree polynomial equation in q and the real root of equation (A.6) gives the 
nontrivial solution, q, to equation (A.2). Therefore, a plot of q with respect to b/a ratio using 2-
parameter polynomial trial function with r = 0.5 is shown in Figure 2.1. 
 
 
